1 



Transition quadrupole moments in 7-soft nuclei and the triaxial projected 

■ shell model 

O. , , 

CN ' Javid A. Sheikh,^ Yang Sun, Rudrajyoti Palit 

H 

^ . ^Physik-Department, Technische Universitat Miinchen, D-85747 Garching, Germany 

'^Department of Physics and Astronomy, University of Tennessee 
Knoxville, Tennessee 37996, U.S.A. 

^ ! "^Department of Physics, Tsinghua University, Beijing 100084, P.R. China 

^ ! "^Department of Physics, Xuzhou Normal University 
m ■ Xuzhou, Jiangsu 221009, P.R. China 

o ■ 

"^Tata Institute of Fundamental Research, Colaba, Bombay - 400 005, India 

ABSTRACT: Transition probabilities of the ground-state bands in 7-soft nuclei are 
O I studied for the first time using the triaxial projected shell model approach. It is observed 
^ I that the angular-momentum dependence of the transition quadrupole moment Qt is re- 
lated to the triaxial deformation of the nuclear mean-field potential. The introduction of 



X 



the 7-degree of freedom in the shell model basis is shown to have a little influence on the 
constant behavior of the low-spin Qt in a well-deformed nucleus. However, the increasing 
5^ ! collectivity with spin for the low-spin states in a 7-soft nucleus can only be explained by 
considering the triaxial mean-field deformation. 

The study of the nuclear shape as a function of angular-momentum has remained in 
the forefront of the nuclear physics research. The study of transition probabilities plays 
an important role in our understanding of the shape evolution. For instance, proba- 
bility of the electric quadrupole transition directly reflects the deformation of a nuclear 
system. For a spherical nucleus, the electric quadrupole transition is of the order of a 
Weisskopf unit, whereas for a deformed system the transition is several hundred times the 
Weisskopf estimate |^ . Nuclear deformation is also believed to be one of the most impor- 
tant physical quantities in the astrophysical interest Many nuclei in nuclear periodic 
table exhibit axially symmetric deformation in their ground-state, with the projection 
of angular-momentum on the symmetry-axis as a conserved quantum number. This is 
referred to as the ii"-quantum number and the rotational bands are labelled with this 
quantum-number. In fact, the majority of electromagnetic transitions in nuclei are found 
to strictly obey the selection rules based on the K quantum-number |jl|. The violation 
of i^'-selection rules is an indication that the system is not axially symmetric. This has 
been demonstrated, for example, in high-ilT isomeric states [§. 
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Well-deformed nuclei, in particular those in the heavy mass regions, exhibit the charac- 
teristics of an axially symmetric- rotor in the low-spin states of their ground-band (g-band). 
For example, in well-deformed rare-earth nuclei, the transition quadrupole moments Qt 
usually show a constant behavior for the spin-range < / < 10, before the first band- 
crossing. This behavior has been found in many calculations with the cranked mean-field 
models (see, for example, Ref. |^) and also in those with angular-momentum projection 

However, the properties of quadrupole moments for nuclei in the transitional regions 
have been less understood. There has been a long-standing problem in nuclear structure 
physics: what are the finger prints of triaxial deformation in the electromagnetic transition 
probabilities in the g-bands for transitional nuclei? In the present work, we would like 
to address this question. It is demonstrated that the angular-momentum dependence of 
the transition quadrupole moments for the low-spin states can provide a measure of the 
triaxial deformation. 

The nuclei discussed here with neutron-number around 90 have g-bands that are quasi- 
rotational with considerable vibrational character. The ground-state energy surface of 
these transitional nuclei has been shown to have a shallow minimum at a finite 7- 
deformation in the Hartree-Fock-Bogoliubov (HFB) calculations [Q. It was demonstrated 
that such a shallow minimum becomes a prominent one when projected onto spin / = 
p. Thus, to describe these transitional nuclei, it is important to consider the basis-states 
which are eigen-states of the triaxial mean-field potential rather than axial basis used in 



most of the earlier studies |T0|. The necessity of introducing triaxiality to describe the 
observed g-band moment of inertia of transitional nuclei has recently been demonstrated 
[O. The restriction to an axially deformed basis in the projected shell model approach 



[IC] was released by performing three-dimensional angular-momentum projection on the 
triaxial deformed basis. This approach has been referred to as the triaxial projected shell 
model (TPSM). It was shown that the observed steep increase of moment of inertia for 
transitional nuclei can be well described O] by considering 7-deformation. It was found 



later |T2| that, with the same triaxial deformation, the first excited TPSM band describes 
also the observed 7-vibrational band, and the second excited TPSM band reproduces the 
experimental 77-band. 

In the present work, the transition quadrupole moments Qt are studied for the first 
time by using the TPSM. In this approach, the states with good angular-momentum are 
obtained by projection from the triaxial Nilsson wave-function using the three-dimensional 
angular-momentum projection method. Here, our interest lies in the low-spin states with 
< / < 10 before the quasi-particle (qp) alignments, and therefore, we shall restrict our 
many-body basis to the angular-momentum projected triaxial qp-vacuum state: 

{P'mk\^>, 0<ir</}, (1) 

where Pmk is the projection operator 

PLk = / dQDi,^{Q)R{Q), (2) 

and I $ > represents the triaxial qp vacuum state. This is the simplest possible configura- 
tion space for an even-even nucleus. It should be noted that for the case of axial-symmetry, 
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the qp- vacuum state has K = 0, whereas in the present case with triaxial deformation, 
the vacuum state has all possible ii'-values. The rotational bands based on the triaxial 
vacuum state are obtained by specifying different values for the i^-quantum number in the 
rotational D-matrix. The allowed values of the i^'-quantum number for a given intrinsic 
state are determined through the following sjTiimetry requirement. For S = e"*'^'^'', we 
have 

PLk \^> = PIikS^S I $ > = e-(^-«)pi,^ I $ > , (3) 

where 5 | $ > = e^"^** | $ > . For the self-conjugate vacuum state, k = and, therefore, it 
follows from Eq. @ that only even-values of K are permitted. 

As in the earlier PSM calculations, we use the pairing plus quadrupole-quadrupole 



Hamiltonian |jTO| 



H = Ho-lxi: QlQ, - GmP^P -GqY: pip,- (4) 
The corresponding triaxial Nilsson Hamiltonian is given by 

Hn = Ho- jeQo + ^'^^^^} • (5) 
In Eq. (H), ^0 is the spherical single-particle Hamiltonian, which contains a proper spin- 



orbit force 13 . For the axial deformation e in the Nilsson model, we take the values 



given in Ref. [T^. The interaction strengths are taken as follows: The QQ-force strength 



X is adjusted such that the quadrupole deformation e is obtained as a result of the self- 
consistent mean- field HFB calculation |]T0[. The monopole pairing strength Gm is of the 
standard form Gm = [21.24 ^ 13.86(A^ - Z)/A] /A, with "-" for neutrons and "+" for 
protons, which approximately reproduces the observed odd-even mass differences in the 
mass region. This choice of Gm is appropriate for the single-particle space employed in 
the PSM, where three major shells are used for each type of nucleons (A^ = 4, 5, 6 for 
neutrons and = 3, 4, 5 for protons, a model space appropriate for normally deformed 
rare earth nuclei). The quadrupole pairing strength Gq is assumed to be proportional 
to Gm, the proportionality constant being fixed as usual to be in the range 0.16 - 0.18. 
These interaction strengths are consistent with those used previously for the same mass 
region 



10-12 



The Hamiltonian in Eq. @ is diagonalized using the projected basis of Eq. (|T|). The 
obtained wave-function can be written as 

'^IM = j:flKPLK\^> ■ (6) 
K 

Note that, although only the qp- vacuum state is included in the basis in Eq. (|T]), its 
triaxial nature generates the A'-state mixing when the diagonalization is carried out. 
The expansion coefficients /, obtained through the diagonalization of the shell- model 
Hamiltonian, describe the amount of A'-mixing and specify various physical states (e.g. 
g-, 7-, 77-bands) |l^. The wave-function is then used to evaluate the electromagnetic 
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transition probabilities. The reduced electric transition probabilities B{EL) from an 
initial state (cxj, /,) to a final state (ct/, //) are given by 



B{EL,h^If 



<'^7A\QL\\n> 



2/i + 1 ' 

and the reduced matrix element can be expressed as 
< vl>^/||g^||vI/-;> 



(7) 
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The transition quadrupole moment Qt{I) is related to B{E2) transition probability through 



Qt{i) 



IGtt ^B{E2,I ^ I -2) 
5 </,0,2,0|/-2,0> 



(8) 



In the calculation, we have used the standard effective charges of 1.5e for protons and 
0.5e for neutrons [Pi[TO|. 

The variation of Qt as a function of spin / provides the information about the shape 
evolution of a rotating nucleus. In the simplest approximation for a nucleus as an axially 
deformed rigid-body, Qt has a constant value for all the spin-states in a given band. 
In fact, for well deformed nuclei, one finds more or less a constant value of Qt at low- 
spin states up to the first band-crossing region. Experimentally, deviations are observed 
from the rigid-body behavior in many nuclei at high-spin states, especially in the band- 
crossing region - one often observes a drop in Qt due to small overlap between the wave- 
functions of the initial and the final states involved. It was shown 0] that the drop in 
Qt in the band-crossing region cannot be quantitatively described by various types of 
cranking models where angular momentum is not treated as a good quantum-number, 
but the calculations based on the projected shell model with axially symmetric basis 
can reproduce this phenomenon [^^. Very recently, it has been reported that angular 
momentum projection on the cranked HFB states can also describe the drop 0. In the 
present work, we shall discuss the spin states below the band-crossing region. 

The constant behavior of Qt till the band-crossing region is noticed for most of the 
nuclei that are well deformed in the ground-state. In comparison, for some light rare- 
earth nuclei that belong to the transitional region, for instance, 154-158-Q-y ise-ieo-gj^^ 
Qt depicts a variation with angular-momentum for the low-spin states of the g-band, well 
below the band crossing region. The existing experimental data seem to indicate a general 
trend of increasing Qt for the spin region < / < 10. This variation of Qt cannot be 
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Figure 1. Calculated transition quadrupole moments for the transitional nu- 
cleus ^^^Dy (top panel), and well-deformed nucleus ^^^Er (bottom panel) with 
different triaxial deformation e'. The corresponding experimental data []l5| , p!6[] 
are also shown for a comparison. 



explained by calculations using the projected shell model with axially- symmetric basis 
ii- 

In Fig. 1, the results of Qt are presented for various values of the triaxial deformation 
parameter e' to investigate the dependence of Qt on the triaxiality of the deformed Nilsson 
basis, e' = in Fig. 1 corresponds to the axially symmetric case. The calculated 
Qt{I ^ I — 2) are normalized to the lowest transition Qt{2 —>■ 0) in order to demonstrate 
more clearly any changes in Qt as a function of spin. ^^'^Dy has neutron number 88 
and represents a transitional nucleus. Experimentally, a steady increase of Qt has been 
observed for the several low-spin states |TB| (the drop of at J = 10 is due to the first 
band-crossing). As can be seen in the top panel of Fig. 1, this feature cannot be obtained 
when an axially symmetric basis (e' = 0) is employed in the calculation. With increasing 
e' values, the calculated Qt curves become steeper, and eventually the observed Qt can be 
reproduced with e' ~ 0.15. 

In the bottom panel of Fig. 1, similar calculations have been done for a well deformed 
nucleus ^^^Er having neutron number 98. The measured Qt shows a rather constant 
behavior for the low-spin region . It is interesting to observe very different calculated 
curves from those in the top panel of Fig. 1: with increasing e' values, the calculated Qt 
curves keep showing a nearly constant behavior. Slightly enhanced values are obtained 
only with the largest e' in the calculation. We can thus conclude that the triaxial basis 
has no significant effect on the g-band properties for a well deformed nucleus that exhibits 
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an axial rotor behavior near the ground-state. 
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Figure 2. Comparison of calculated tran- 
sition quadrupole moments for I54,i56,i58£)y 
(dotted curves) with the available experi- 
mental data [Il5| , [l7| (filled squares). 



Figure 3. Comparison of calculated tran- 
sition quadrupole moments for I56,i58,i60gj, 
(dotted curves) with the available experi- 
mental data [|l8|-pO[] (filled squares). 



In Figs. 2 and 3, the results of the TPSM calculations are compared with the avail- 
able experimental data for Dy- and Er-isotopes. In order to demonstrate the feature of 
increasing Qt, we present them in the normalized form Qt{I —>■ I — 2)/Qt{2 0) as in 
Fig. 1. (We would like to add that our calculations also reproduce the absolute values 
of Qt for all the nuclei studied quite accurately). It is found that by employing a triaxial 
deformation e' ~ 0.15, the observed feature of the Qt's can be reproduced reasonably 
well in most of the cases. At this stage, a fine adjustment of e' in the calculations for 
each individual nucleus is not necessary since in many of the data discussed here, the 
experimental uncertainties are quite large. 

As is clear in Fig. 2. the experimental Qt for ^^^Dy |T5| can be nicely reproduced till 
1 = 8. This was not possible in the projected shell model calculations if axially deformed 
basis was used The general feature of the observed Qt for ^^^Dy also shows an 

increasing trend with increasing spin, which is described by the present calculations. The 
physical reasons for a sudden drop in the experimental at / = 6 are unclear. In ^^^Dy, 
the increase in the experimental Qt [|17| is not as significant as in the two lighter isotopes. 



This feature has also been reproduced in our calculations with the same e' used for the 
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^^■^Dy and ^^^Dy calculations. 

The results for three light Er-isotopes are presented in Fig. 3. The experimental Qt 



of the first three spin-states in ^^^Er [|T8| exhibit an increasing trend in Qt as a function 
of spin, which is correctly described. The Qt for ^^^Er were measured in Ref. up to 
very high-spin states. The data clearly depict an increasing trend, which is reasonably 
described by the calculation. The data for ^^^Er depict nearly constant values for 
the three low-spin states, with slight variations for / = 8 and 10. The agreement of our 
calculation for this nucleus is also satisfactory. We remark that with the configuration 
space and interaction strengths employed in the present work, the calculated moments 
of inertia for the g-bands and the calculated spectra for the multi-phonon 7-vibrational 
bands were shown to agree well with the observed data • 

The behavior of Qt as a function of angular momentum may provide a measure of the 
triaxiality for a nuclear system. For the transitional nuclei studied in the present work, 
larger increase in Qt with angular momentum corresponds to higher values of triaxiality 
used in the basis. The triaxial deformation parameter e' is approximately related to 
the conventional triaxial parameter 7 through the relation tan 7 = p-. The value of 
e is held fixed for each nucleus in the calculations, and therefore, 7 increases linearly 
with e' . For those well deformed nuclei, the dependence of Qt on the basis triaxiality is 
insensitive. Therefore, the g-band Qt alone are not sufficient to determine triaxiality for 



a well deformed nucleus, and additional physical quantities must be supplied |1T6|J2T|1 . 

In conclusion, the low-spin transition quadrupole moments of the ground-state bands 
in 7-soft nuclei have been studied using the triaxial projected shell model approach. 
The shell model diagonalization is carried out with three-dimensional angular-momentum 
projection based on the triaxial deformed Nilsson-states. It has been shown that for 
transitional nuclei, the rotational evolution of the transition quadrupole moments depends 
sensitively on triaxial deformation of the mean-field potential. 

The development of the three-dimensional angular-momentum projection method for 
the electromagnetic transition calculations has opened possibility of the application of 
the projected shell model approach to a wide range of problems. The next important 
application would be the study of the inter-band transitions between the ground-state 
band and the 7-bands. This work is presently being pursued and the results will be 
published in the near future. 
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